We investigated the swelling behavior and density distributions of polyion segments and multivalent counterions in polyelectrolyte brushes within a primitive model that represents both polyion segments and salt ions as charged spheres and the solvent as a continuous dielectric medium. The numerical performance of a previously proposed nonlocal density functional theory ͑NLDFT͒ was tested with Monte Carlo simulations for multivalent systems and compared with the PoissonBoltzmann equation that ignores the ionic size and electrostatic correlations. The NLDFT predicts that in the limit of low salt concentration, trivalent counterions can self-organize into a one-dimensional wavelike structure within the oppositely charged polyelectrolyte brush. Multivalent counterions introduce electrostatic correlations responsible for the nonmonotonic swelling of the brush which is qualitatively different from that in a monovalent solution. While in a monovalent solution the brush thickness increases monotonically with the grafting density, in a trivalent solution the swelling behavior resembles that for a neutral brush in a poor solvent. The NLDFT was also used to investigate the effects of ionic size on the brush swelling and counterion organization.
I. INTRODUCTION
The structure and interfacial properties of a polyelectrolyte brush ͑PEB͒ depend on a broad range of parameters such as the polymer charge and grafting density, counterion valence, salt concentration, and solvent conditions. These properties are of fundamental importance in technological applications including colloid stabilization, surface modification, and lubrication. Besides, brushes of unstructured polypeptides are present in biological systems such as genome packaging in single-stranded DNA/RNA viruses. Despite intensive studies by experiments, 1-3 molecular simulations, [4] [5] [6] and myriad analytical methods including scaling analyses, [7] [8] [9] self-consistent-field theory, 10, 11 and most recently density functional theory ͑DFT͒, 12 the microscopic structure and swelling behavior of PEBs in the presence of multivalent counterions remain poorly understood.
A number of recent reports suggest that multivalent counterions may induce physical properties of a PEB qualitatively different from those in the presence of monovalent ions. [13] [14] [15] [16] It has been speculated that the difference is primarily due to strong inhomogeneous distribution of multivalent counterions near the polymer backbone and due to coupling of long-range electrostatic and interchain correlations with short-range excluded-volume effects. However, little theoretical investigations have been reported examining the specific roles of multivalent ions on the PEB structure and swelling behavior. In a previous work, 12 we employed a nonlocal DFT to investigate the properties of PEB in monovalent solutions. We demonstrated that the DFT predicted the dependence of brush thickness on the salt concentration, polymer grafting density, and polymer chain length all in good agreement with established results. While the DFT explicitly accounts for charge correlations and is directly applicable to multivalent systems in principle, its numerical performance was not calibrated due to the lack of simulation results. In this work, we first perform Monte Carlo simulations for polyelectrolytes near a charged surface and briefly compare the numerical results with DFT predictions. The DFT is then used to study the influence of counterion valence on the structure and swelling behavior of PEBs at low salt concentration. We found unusual organization of multivalent counterions and nonmonotonic swelling behavior that are qualitatively different from those reported for monovalent systems.
II. MOLECULAR MODELS AND DFT
In this section, we review briefly our coarse-grained model for strongly charged polyelectrolytes. As in a previous work, 12 we consider strongly charged polyelectrolytes with one end grafted at a planar wall. The PEB is in contact with an electrolyte solution that contains both counterions and coions, i.e., monomeric ionic species with the opposite or same charge of the tethered polyions, respectively. As in the primitive model for simple electrolyte solutions, the monomeric ionic species are represented by charged hard spheres, and the solvent is viewed as a continuous dielectric medium. The polyions are represented by freely-jointed tangent chains of hard spheres-each carries one negative charge-with one end tethered to the surface. We assume that the polyelectrolytes are in a good solvent such that the solvent-mediated attraction between polymer segments can be distinguished from electrostatic correlations. For simplicity, this work is mostly focused on conditions where the polyion segments and monomeric ionic species have the same diameter ͑ = 4.25 Å͒. Different from alternative methods, however, the DFT allows us to account for both the ion valence and size explicitly. In this work, we will investigate the effect of ionic size on self-organization of trivalent ions within the brush.
Application of the primitive model to simple electrolyte solutions is now well established. For example, the primitive model has been successfully applied to aqueous solutions of alkali halides up to very high concentrations ͑19 mol/ kg for LiCl and 20 mol/ kg for LiBr,͒ and acids such as HCl ͑to 16 mol/ kg͒. 10 We expect that the model is reliable for polyelectrolytes in a good solvent and at similar ionic conditions. In this work, the highest average ionic concentration in the brush region is about 7 mol/ L, which is within the applicability of the primitive model.
The reduced pair interaction potential between the ionic species ͑i.e., polyion segments and small ions͒ is given by
where r stands for the center-to-center distance, Z i is the valence of sphere i, ␤ =1/ k B T with k B being the Boltzmann constant, and T the absolute temperature. The Bjerrum length, l B = ␤e 2 / with e being the unit charge and the dielectric constant, is equal to 0.714 nm, corresponding to that for pure water at 298 K. Except the tethered segments, all ionic species in the system are subjected to a surface energy, i.e., ␤⌿ i ͑z͒ = ϱ for z Ͻ / 2 and ␤⌿ i ͑z͒ = 0 for z ജ / 2, where z is the perpendicular distance from the planar surface.
We reported a nonlocal DFT ͑NLDFT͒ for free polyelectrolytes and polyelectrolyte brushes in our previous publications. 12, 17, 18 It was demonstrated that within the coarsegrained model, the DFT provides an accurate description of the microscopic structure and thermodynamic properties of polyelectrolytes and brushes in monovalent systems. Different from a conventional mean-field method, the DFT is able to account for the counterion valence, excluded-volume effects, electrostatic, and intrachain correlations explicitly. Briefly, the intrinsic Helmholtz energy functional includes an ideal part corresponding to that of the polymers free of nonbonded interactions and an excess accounting for nonbonded inter-and intramolecular interactions,
where R ϵ͑r 1 , r 2 , ... ,r M ͒ is a set of coordinates specifying the segmental positions of a polymer or the polyelectrolyte configuration. The Helmholtz energy functional for noninteracting polymers depends on the polymer configurations, the bond potential V b ͑R͒, and the density profiles of small ions,
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For a freely-jointed chain tethered at the surface, the bonding potential V b ͑R͒ is determined from
where M stands for the degree of polymerization, ␦ is the Dirac-delta function, and k is a renormalization constant. The subscripts "p," "ϩ," and "Ϫ" denote polyion segments, small cations, and anions, respectively. The first segment of each polyion is fixed at the position with distance B = p / 2 from the surface, i.e., the first segment of each polyion is tangentially grafted at the planar wall. The excess Helmholtz energy functional accounts for the excluded-volume effects of polyions and small ions, the intrachain correlations, the direct Coulomb interactions, and charge/chain correlations,
In Eq. ͑5͒, n ␣ ͑r͒ and ␣ =0,1,2,3,V1,V2 are scalar and vector weighted densities of the fundamental measure theory ͑FMT͒; 19 ⌬C i ͑1͒el and ⌬C ij ͑2͒el ͑r͒ are, respectively, the firstorder and second-order electrostatic direct correlation functions of charged particles at bulk densities i b ; F el ex ͕͑ i b ͖͒ is the electrostatic Helmholtz energy of the charged particles in the bulk; and y͑ p , n ␣ ͒ stands for the contact value of the cavity correlation function of the polyion segments. The first term on the right side of Eq. ͑1͒ arises from direct Coulomb interactions among all charged species; this term amounts to the Helmholtz energy given by the Poisson-Boltzmann ͑PB͒ equation for a polyelectrolyte solution ͑with explicit consideration of counterions͒. The second line in Eq. ͑5͒ comes from a modified FMT for hard spheres; 20, 21 this term gives an accurate description of the free energy affiliated with the excluded volumes of polymeric segments and small ions. The Helmholtz energy due to the electrostatic correlations ͓third line in Eq. ͑5͔͒ comes from a quadratic functional expansion of the electrostatic free energy. 22, 23 Here the direct correlation functions of the uniform reference system are obtained from the mean-spherical approximation. 24 Finally, the Helmholtz energy due to the intrachain correlation is represented by a modified first-order thermodynamic perturbation theory. 17, 25 The detailed expressions for individual terms and the computational procedure can be found in our previous publications. Although we calculate only the onedimensional density inhomogeneity of all ionic species, the DFT implicitly accounts for lateral correlations at the level of its bulk counterpart for the equation of state of polyelectrolyte solutions.
III. RESULTS AND DISCUSSION
With explicit consideration of the excluded-volume effects of all ionic species, intrachain correlations, and electrostatic correlations, the primitive model is able to capture the effects of salt concentration, polyion grafting density, and chain length on the swelling and structures of the PEB immersed in monovalent ions. The theoretical predictions are in good agreement with simulation or experimental results. 12 The present work is focused on brush behavior in multivalent systems where the charge correlations are significant. In particular, we are interested in studying organization of multivalent counterions within the brush.
To test the numerical performance of DFT for multivalent systems, we first implement Monte Carlo simulations and compare its predictions with those from the PB theory. Toward that end, we consider the density distributions of small counterions and free polyions near an oppositely charged surface. For numerical efficiency, we assume that each polyion consists of M = 10 negatively charged segments ͑Z p =−1͒ and the counterions are trivalent ͑Z + =3͒. We assume further that the polyion segments and counterions have the same diameter ͑ p = + = = 4.25 Å͒. The polyelectrolyte solution in the bulk is at salt-free condition. The simulation details and more extensive comparisons between DFT and MC results are reported elsewhere. Figure 1 presents the density profiles of small ions and polyion segments. Here the surface charge density is, in dimensionless units, Q 2 / e = 0.5. Two polyion bulk densities were considered, corresponding to a dilute and a concentrated polyelectrolyte conditions. In both cases, the agreement between DFT and MC is nearly quantitative. However, the results from the PB are rather poor due to its neglect of the ionic size and electrostatic correlations. Although the numerical performance of DFT may slightly deteriorate for long chain polyions at low concentration, it is evident that the DFT accounts for non-mean-field electrostatic correlations and excluded-volume effects. We expect that these nonmean-field effects are important for understanding PEB swelling in a multivalent solution.
We now examine the effect of counterion valence on the swelling of PEBs. Figure 2 presents the density profiles of polyion segments and trivalent counterions, along with the distribution of the mean electrostatic potential, for a PEB at different grafting densities. The reduced mean electrostatic potential is calculated from the density profiles of the ionic species by integration of the Poisson equation
For all DFT predictions throughout this work, the polyion chain length is fixed at M = 50; each segment bears one negative charge, i.e., Z p = −1, identical to that for a coion ͑Z − =−1͒. The salt concentration in the bulk is s 3 =10 −4 , which would yield an "osmotic brush" in the presence of monovalent counterions. 12 At a low grafting density of polyions ͑ g 2 = 0.001͒, the brush is highly swollen even in the presence of trivalent counterions. The polyion density extends to z Ϸ 15, much larger than the radius of gyration for a hard-sphere chain of the same length ͑R g ϳ 4.8͒. The large brush thickness suggests that different from the prediction of counterion condensation theory, the polyion backbone remains highly charged in the presence of trivalent counterions.
The incomplete neutralization of the polyion backbone is also reflected by the slow increase of the mean electrostatic potential with the surface separation, which remains negative throughout the entire brush. As the grafting density of polyions increases ͑ g 2 = 0.012͒, both the polyion segments and counterions distribute closer to the surface ͑as indicated by the shrinkage of the density profiles͒. While the increase of the polyion density makes the electrostatic potential within the brush more negative, the reduction in the brush thickness is primarily due to the counterion-mediated electrostatic attraction between polyions. 26, 27 As the grafting density further increases ͑ g 2 = 0.0125͒, the density profiles of both polyions and counterions exhibit maxima near the grafting surface ͑z = 2.5͒. In this case, the brush is at a collapsed state because the peak position is only half of the radius of gyration for a hard-sphere chain of the same number of segments. Apparently, the peak density for counterions is much larger than 1 / 3 of that for polyions, indicating a local surplus of the positive charges or charge inversion. Charge inversion is also evident from the positive mean electrostatic potential at the positions of the maximum densities of polyions and counterions. Approximately, the shape of the mean electrostatic potential follows that of the density distributions of polyions and counterions. Noticeably, the mean electrostatic potential is qualitatively different from a parabolic profile as appeared in a monovalent brush. The long negative tail in the electrostatic distribution suggests that at low salt concentration, counterions are not fully contained within the PEB.
For brushes with a grafting density larger than g 2 = 0.0125, the distributions of polyion segments and counterions exhibit superimposed multiple peaks approximately of the same height and equal separation. To our knowledge, the unusual organization of ionic species was not reported before. As the tethering density increases, the density profile of the trivalent counterions shows a layer-by-layer structure resembling that in a crystalline solid. An increase of the polyion tethering density generates additional layers of counterions with slight increase of the peak density but reduction of the interlayer separation. The polyion density also shows distinctive peaks coinciding with those for counterions. While the density of counterions vanishes between peaks, the density of polyion segments exhibits only small oscillation and is relatively uniform throughout the brush. Because the superimposed structure was not observed at low tethering density, we conclude that self-organization of counterions is not due to their condensation onto the polyion backbone but due to interchain electrostatic correlations. Indeed, the layer-bylayer structure disappears if the electrostatic correlation term is removed from the total excess Helmholtz energy. As shown in Fig. 2͑g͒ , self-organization of counterions within the PEB makes the mean electrostatic potential oscillate like a one-dimensional wave. The crests and troughs of the electrostatic potential coincide with the maximal and minimal densities of the counterions. The maximal electrostatic potential is positive, which has a magnitude slightly larger than that of the negative minimum. At the brush surface, the electrostatic potential is negative and rises monotonically to the bulk value as in a regular electric double. The negative mean electrostatic potential near the brush surface suggests that in an osmotic brush, the counterions are not fully contained within the brush even at high grafting density. The periodicity of oscillation reflects formation of polymer and counterion complex wherein the organized trivalent counterions are trapped by a number of polymer chains. According to our previous simulation work for interaction between like-charged macroions, 28 the interaction energy between counterions is minimized when they are separated by a layer of the polyion segments, i.e., the separation is 2. The periodicity of 2.5 is due to the tethering and connectivity of polyion segments.
We found that the oscillatory behavior of the mean electrostatic potential led to layer-by-layer charge inversion within the PEB. Figure 3 shows that at high grafting density ͑ g 2 = 0.1͒, the local charge density is strongly positive at the positions of counterion layers and turns into negative where the density of counterions shows a minimum. Approximately, the positive crests and negative troughs of the local charge density are equally separated, with a distance comparable to the diameter of a polyion segment or a counterion. At g 2 = 0.1, the first negative layer ͑z = 0.5͒ is attributed to the charges of the polyion segments immediately next to the tethered segments. Its magnitude is smaller than those corresponding to the outer layers because here, the 
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charge of the tethered segments is not included. The first layer of counterions appears at z = 1.5, which gives rise to a sharp positive peak in the charge density. The oscillatory charge density corroborates with the distributions of polyions and counterions shown in Fig. 2͑g͒ . While the mean electrostatic potential is related to integration of the overall charge, the local charge density provides direct evidence of the charge inversion. For comparison, Fig. 3 also shows the net charge distribution at low grafting density ͑ g 2 = 0.001͒. In this case, we observe the two positive peaks near the surface, reflecting strong attraction of the multivalent ions to the tethered segments. These peaks are related to the contact density of counterions and the first trough in the density profiles of polyions. Unlike the case of high grafting density ͑ g 2 = 0.1͒, the local charge density remains negative in the entire brush region and abates gradually as the separation from the surface increase.
The self-organization of multivalent counterions within the PEB makes its swelling behavior qualitatively different from that in the presence of monovalent counterions. For comparison, Fig. 4 shows the brush thickness as a function of the grafting density for systems with counterions of the same size but different valences ͑Z + =1, 2, or 3͒. In all cases, the salt concentration in the bulk is s 3 =10 −4 . The brush thickness H is calculated from the first moment of the polyion segment density profile p ͑z͒, i.e., H =2͐ 0 ϱ z p ͑z͒dz / ͐ 0 ϱ p ͑z͒dz. As the grafting density is increased from g 2 = 0.001 to 0.1, the brush thickness rises slightly when the counterion is monovalent. 12 This so-called "nonlinear osmotic brush regime" was reported by recent experiments and by theoretical calculations. 2, 4, 12, 29 In this case, the brush swelling is mainly driven by the electrostatic repulsion between polyions and at high grafting density, by the excludedvolume effects. In the presence of multivalent counterions, however, the electrostatic interaction between polyions becomes attractive and the magnitude of attraction rises with the increase of the valence. 28 When the counterions are divalent, the brush thickness varies little with the grafting density ͑ g 2 = 0.001-0.04͒. In this case, the relative invariance of the brush thickness can be explained by a balance of the counterion-mediated electrostatic attraction between polyions and the excluded-volume effects. For trivalent counterions, the counterion-mediated electrostatic attraction between polyions prevails at low grafting density and thus the brush thickness falls monotonically with the grafting density until it collapses at g 2 = 0.0125. In both cases, a further increase of the grafting density leads to brush reswelling with a slope approximately independent of the counterion valence. The similarity of brush swelling at high grafting density ͑ g 2 ജ 0.05͒ suggests that swelling in this regime is dominated by the excluded-volume effects. Qualitatively, the swelling behavior of flexible PEBs studied in this work is similar to that from molecular simulations for rodlike polyelectrolyte brushes with mono-and trivalent counterions. 14 The dashed line in Fig. 4 represents the brush thickness predicted by DFT without inclusion of the charge correlation term in Eq. ͑5͒. In this case, the Helmholtz energy functional for the electrostatic interactions is equivalent to that given by the PB theory. Interestingly, the brush thickness shows monotonic increase with the grafting density essentially the same as that for a PEB in the presence of monovalent ions. The drastic contrast of the predicted results from DFT and PB affirms that the charge correlation is solely responsible for the abnormal collapse of PEB at high grafting density.
Because multivalent counterions may introduce attraction between similar charged polyions, we conjecture that the swelling behavior of PEB in a multivalent solution can be similar to that for a neutral brush in a poor solvent, even though the origin of attraction is totally different. To examine such similarity, we conduct theoretical calculations for a neutral brush with solvent-mediated attraction between polyion segments is represented by a square-well potential, i.e., ␤u͑r͒ = ϱ for r Ͻ , ␤u͑r͒ = * for Ͻ r ഛ 1.5, and ␤u͑r͒ = 0 for r Ͼ 1.5. For direct comparison, we assume that the neutral brush is also made of tangent-sphere chains that each has M = 50 segment. In addition, we use the same segment size = 4.25 Å, and the same range of grafting densities as those of PEBs investigated in this work. Figure 5 presents the swelling behavior of the ͑square-well͒ neutral brush at different intersegment attractions. For a brush with weak intersegment attraction ͑e.g., * = 0.1͒, the swelling behavior resembles that for a PEB in a monovalent solution ͑or that for a neutral brush in a good solvent͒, which shows only slight swelling at low grafting density. In this case, the attraction between segments is subdued by the exclude-volume effect, which is most prominent when the overall packing density is sufficiently high ͑e.g., g 2 Ͼ 0.01͒. Beyond this concentration, the brush thickness shows a much stronger dependence on the grafting density. Again, the nonmonotonic swelling behavior can be explained by a counterbalance of the intersegment attraction and excluded-volume effects. As the attractive energy between segments is increased, the swelling behavior becomes similar to that of the PEB in the presence of multivalent counterions. The neutral brush first collapses with the increase of the grafting density due to the intersegment attraction; at sufficiently high grafting density, the PEB reswells due to the excluded-volume effects. Interestingly, at high grafting density, the slope of brush swelling is essentially invariant with the attraction energy, implying a common driving force in this regime, i.e., the brush reswells due to the hard-core repulsion. In this case, the invariance of the brush slope with the attraction energy can be compared with that on the effect of counterion valence.
Different from alternative theories of polyelectrolytes, the DFT is able to account for both the ion valence and size explicitly. This allows us to examine the effect of size disparity between polyion segments and salt ions on PEB swelling. In Fig. 6 , we plotted the density profiles of ionic species for a PEB immersed in a solution with trivalent counterions of different sizes. Here two different ionic sizes, + = 0.8 and + = 1.2, are considered. All other parameters are the same as those used in Fig. 2. Figure 6͑a͒ shows the theoretical results for the system with larger ions ͑ + = 1.2͒. The density profiles are qualitatively similar to those shown in Fig. 2 . The brush collapses from the highly swollen state ͑ g 2 = 0.001͒ to a compressed distribution at g 2 = 0.01. Further increase of the grafting density leads to a nearly uniform expansion of polyion density and packaging of additional counterion layers.
Intuitively, one may expect that the effect of the ionic size can be explained by its excluded volume and the charge density. For example, decreasing the ionic size would lead to a smaller excluded volume and larger charge density; both of which would favor brush collapsing. Figure 6͑b͒ shows, however, that in the presence of smaller counterions, the polyion density distributions are relatively invariant at a broad range of grafting density ͑ g 2 = 0.001-0.02͒. Although the counterions still exhibit similar self-organization at the highest grafting density, further increase of the grafting density above g 2 = 0.02 only leads to a slight brush expansion. We speculate that this counterintuitive phenomenon arises from condensation of small counterions with large charge density. At the same valence, the decrease of the counterion diameter from + = 1.2 to + = 0.8 results in an increase of the contact Coulomb energy between counterions and polyion segments from 4.2k b T to 6.3k b T. For the latter case, the counterions effectively neutralize the polyion segments and thus screen more effectively the long-range correlated attractions between similar charges. Figure 7 presents the brush thickness as a function of the grafting density with trivalent counterions of different sizes. For small counterions + = 0.8, the PEB behaves more like a neutral brush due to the effective screening of the charge correlations. When the PEB tethering density is sparse, the brush thickness is relatively insensitive to the grafting density. In this case, the brush exhibits significant swelling only at sufficiently high grafting densities. While the brush shows similar swelling behavior in solutions with counterion size + = 1.2 and + = , the reduction of brush thickness becomes more significant as the size increases. With larger size, the counterions are expected to occupy more space between tethered polyions and thus lead to a higher volume fraction or density in the brush region. As a result, the counterions become easier to form organized structures. On the other hand, the increase of counterion size leads to the larger contact surface area. In this case, localization of counterions effectively drives the brush collapse.
IV. CONCLUSIONS
In summary, after brief calibration of the numerical performance of a nonlocal density functional theory ͑NLDFT͒ for polyelectrolyte systems containing multivalent counterions, we have examined the microscopic structure and swelling behavior of polyelectrolyte brushes ͑PEBs͒ in the presences of multivalent ions at low concentration. When a PEB is immersed in a solution containing trivalent counterions, electrostatic correlation among polyions leads to selforganization of the counterions into a crystallinelike structure. In addition, the local electrostatic potential exhibits layer-by-layer charge inversion. To our knowledge, the unusual structure of multivalent counterions in a PEB was not reported before. Self-organization of trivalent counterions is also manifested in the oscillatory distributions of the polymeric segments and local charges. As demonstrated by Mir et al., 3 the brush thickness and distribution of polyion segments are accessible to neutron scattering experiments. Similar measurements but for multivalent systems would attest ionic organization predicted by the NLDFT.
We found that the swelling behavior of a PEB in a multivalent solution is qualitatively different from that in a monovalent condition. The counterion-mediated attraction between polyion segments leads to a collapse-reswelling transition similar to that for a neutral brush in a poor solvent. At fixed counterion valence, an increase of the counterion size favors its organization within the brush but small multivalent counterions may result in neutralization of the polyion backbone.
